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We adopt the notation of [1]. Inequality (7) of [1]
|∂mφ|2  c|Dmφ|2 (1)
where c is an absolute constant does not hold for all (φ,A) ∈ Vr . Imposing this
inequality constrains the initial data in the theorem of [1]. This theorem can be
proved without additional constraints by noting that, for finite energy solutions
(φ,A) ∈ Vr ,
|φ(x)| c+ c|D2φ|1/22 (2)
where c is an absolute constant, and that the L4 norm of the variation of φ
is estimated by the L2 norm of the covariant derivative of the variation of φ
independently of (1).
For almost all x
∂m|φ(x)| = Re(φDmφ)|φ| and
∣∣∂m|φ(x1, x2)|∣∣ |Dmφ(x1, x2)| (3)
where m= 1,2. We use (3) and the fact that (φ,A) ∈ Vr to verify that
∣∣|φ(x)| − 1∣∣2 = 2
x1∫
−∞
∣∣|φ(x)| − 1∣∣∂x1∣∣|φ(x)| − 1∣∣dx1
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 2
x1∫
−∞
∣∣|φ(x)| − 1∣∣|Dx1φ(x)|dx1
+ 2
x2∫
−∞
x1∫
−∞
∂x2
(∣∣|φ(x)| − 1∣∣|Dx1φ(x)|)d2x
 2
x2∫
−∞
x1∫
−∞
|Dx1φ(x)|
∣∣∂x2 |φ(x)|∣∣d2x
+ 2
x2∫
−∞
x1∫
−∞
∣∣|φ(x)| − 1∣∣∣∣∂x2 |Dx1φ(x)|∣∣d2x. (4)
Estimating the last term in (4) and using the bounds for the finite energy and
energy momentum in Lemma 1 on p. 430 of [1], we find
|φ(x)| c+ c|D2φ|1/22 (5)
for all x ∈R2 where c is an absolute constant.
Let u denote the variation of φ in L2. Clearly∫
R2
|u(x1, x2)|4 dx1 dx2

∫
R
max
x2
|u(x1, x2)|2 dx1
∫
R
max
x1
|u(x1, x2)|2 dx2. (6)
The first integral on the right side of (6) can be bound as follows:
∫
R
max
x2
|u(x1, x2)|2 dx1  2
∫
R2
|u(x1, x2)|∂x2 |u(x1, x2)|dx1 dx2
 2
∫
R2
|u(x1, x2)||Dx2u(x1, x2)|dx1 dx2
 2|u|2|Dx2u|2 (7)
where we have used (3). An analogous inequality holds for the second integral on
the right side of (6). Therefore,
∫
R2
u(x1, x2)|4 dx1 dx2 
∫
R
max
x1
|u(x1, x2)|2 dx2
∫
R
max
x2
|u(x1, x2)|2 dx1
 4|u|22|Dx1u|2|Dx2u|2 (8)
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and
|u|4 
√
2|u|1/22 |Du|1/22 . (9)
The inequalities (5) and (9) are independent of (1). Use (5) and (9) and proceed
as in the proof of Lemma 1 of [1] to obtain the theorem of [1].
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